Abstract. We present a classical analysis of the energy and field strength dependence of the stability coefficients (Liapunov exponents) for certain periodic orbits of a hydrogen atom in a uniform magnetic field.
The hydrogen atom in a uniform magnetic field has become a popular system with which to study quantum mechanical manifestation of classical chaos (Bohigas et a1 1986, Wintgen and Friedrich 1986a , 1987a , Delande and Gay 1986 , Wunner et a1 1986 . In particular, the role of stable and unstable periodic orbits has been the subject of recent interest (Wintgen 1987 , Holle et a1 1986 , Main et a1 1986 , Du and Delos 1987 , Wintgen and Friedrich 1987b . Although there are several studies dealing with classical properties of the system (Robnik 1981 , Sumetskii 1983 , Harada and Hasegawa 1983 1984, AI-Laithy et a1 1986), there seems to be to date no quantitative analysis of the stability of classical orbits. In this letter we report first results on the calculation of the stability of certain periodic orbits.
The Hamiltonian describing the hydrogen atom under the influence of an external magnetic field B = (0, 0, B ) reads (in atomic units)
where y = B / B o is the magnetic field strength parameter ( B o = 2.35 x lo5 T) and the trivial linear Zeeman term is omitted. After introducing semiparabolic coordinates and using scaling properties we arrive at the (equivalent) formal Hamiltonian (Wintgen and Friedrich 1987b) (2) with p, v, p $ , pz, spanning the four-dimensional phase space. The Hamiltonian Hrorm depends only on the scaled energy E = Ey-'" and not on energy and field strength separately. The (conserved) z component of the angular momentum has been set to zero in (2), which is well justified under laboratory conditions (Wintgen and Friedrich 1987b) . Compared with ( l ) , the Hamiltonian Hform has the advantage of a non-singular behaviour at the origin and is therefore easier to handle in numerical explorations.
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The stability of classical orbits can be measured quantitatively by the maximal Liapunov exponent k, which describes the exponential divergence of nearby trajectories in phase space (HCnon 1983, Lichtenberg and Lieberman 1983) : small deviations A 6 in initial conditions propagate with time like A 6 exp(kt), k being independent of the magnitude and the specific choice of A6. If the motion of nearby trajectories is confined to invariant surfaces in phase space, as is always the case if the Hamiltonian is integrable, the Liapunov exponent vanishes; otherwise it is positive. Because we are studying the stability of periodic orbits it is convenient not to calculate k, but the Liapunov exponent A of the mapping generated by the PoincarC surface of section of nearby trajectories. As surface of section we chose p = 0 and as independent coordinates of the surface (v, p y ) . k and A are simply connected by
with T being the period of the orbit. A does not depend on the particular coordinate system or surface of section set chosen. We now study the stability of the periodic orbit in the z = 0 plane perpendicular to the magnetic field and the orbit with r = z parallel to the field and their dependence on the scaled energy E . The orbit in the z=O plane gives rise to the well known 'quasi-Landau phenomenon' (Holle et a1 1986, Wintgen and Friedrich 1986b) , while the motion parallel to the field is the limiting case for the recently reported 'Main series' of periodic orbits (Main et al 1986, Al-Laithy et al 1986, Wintgen and Friedrich 1987b) . For large negative values of the scaled energy all the trajectories of the system are regular and confined to invariant surfaces in phase space characterised by an approximate constant of motion (Solov'ev 1981, Delande and Gay 1984) . This can be seen in figure 1 , where we plot the surface of section for E = -0.8. The elliptic fixed points of the mapping belong to the orbits perpendicular and parallel to the field, while the separatrix divides the phase space into two different parts characterised by librating and rotating motion (Delos et a1 1984) .
We first turn to the periodic orbit perpendicular to the field. Our study shows that this orbit is stable up to E = -0.1273, in agreement with a value published previously This is shown in figure 2 , where we have plotted the squared Liapunov exponent of the orbit against the scaled energy E. The situation is somewhat more complicated for the periodic orbit parallel to the field and is shown in figure 3 . Note that the orbit is only bound and periodic for E < 0, while it represents an ionising trajectory for positive energies. For scaled energies smaller than E, = -0.39 the trajectory is always stable, but for larger values the orbit runs through an infinite chain of instability/stability changes. Each critical value of E, marks the beginning of a typical Feigenbaum scenario of a bifurcation process with period doubling of periodic orbits (Green et af 1981) . For example, at the value E, = -0.39 the orbit parallel to the field loses its stability and gives birth to a stable orbit of twice the period. This orbit in fact is the first member of the 'Main series' mentioned above. It remains stable up to E, = -0.295, where it loses stability due to a further bifurcation process and the birth of a further periodic orbit, and so on. The values of the critical scaled energies E,, where the orbit parallel to the field loses stability, can be parametrised by (Sumetskii 1983 , Main et nl 1987 
with n > 1 and cy, a slowly varying function of n. This is illustrated in table 1, where we have given the values cy, according to ( 5 ) . By analogy with the a, we introduce the values U,, which define the onset of the stability. These values are also given in table 1. The values of a, and w, were also derived analytically in the large-n limit by In conclusion, we have calculated the energy and field strength dependence of the Liapunov exponent for certain periodic orbits of a hydrogen atom in a uniform magnetic field. Such calculations may build the basis for a quantitative comparison between the chaotic properties of the classical and quantum dynamics of the system. I wish to thank J S Briggs for a critical reading of the manuscript. I am grateful to an unknown referee for drawing my attention to the work of Sumetskii.
